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Abstract
The present paper deals with the determination of displacement and thermal stresses in a

(hick (M # 0) annular dise with internal heat generation. Arbitrary heat f(r) is applied on the

apper surface of dise, whereas lower surface dissipates heat by convection and the fixed circular
adges are thermally insulated. Here we compute the effects of Michell function of a thick
annular dise in terms of stresses along radial direction. The governing heat conduction equation
has been solved by the method of integral transform technique. The results are obtained in a
series form in terms of Bessel’s functions. The results for temperature change, displacement and
stressey have been computed numerically and illustrated graphically.

Neywords:  Thick annular dise (M # 0), Thin annular disc (M = 0), internal heat generation.
Introduction

Deshmukh 1] studied transient heat conduction problem in a thin hollow cylinder and
dotermined thermal stresses. Gogulwar and Deshmukh [2] studied the inverse problem of
thermal stresses in a thin annular dise. Kulkarni and Deshmukh [3] has determined the quasi-
static steady state thermal stresses in thick annular disc. Kulkarni et al. [4] has determined
displacement and thermal stresses in thin hollow circular disc due to internal heat generation
within it. Shang Sheng Wu [8] studied the direct thermoelastic problem in an annular fin with
v base subjected to a heat flux of a decayed exponential function of time. In this paper
ek (M 2 0) and thin (M = 0) annular disc is considered and discussed its thermoelasticity
with the help of the Goodier’s thermoelastic displacement potential function and the Michell’s
Wnction. To obtain the temperature distribution integral transform method is applied. The
eults are obtained in series form in terms of Bessel’s functions and the temperature change,
displacement function and stresses have been computed numerically and illustrated graphically.
Here we compute the effects of Michell function in terms of stresses along radial direction. A
mathematical model has been constructed of a thick (M # 0) and thin (M = 0) annular disc
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Y the help of numerical illustration by considering copper (pure) plate. No one previously
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“ed such type of problem. This is new contribution to the field.
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as the main shaft of lathe, turbines and the fole o ;

The direct problem

mechanics subjected to heating such o
a thermal power plant, gas po plant and the measurem .

mill, base of furnace ol boiler of

acrodynamic heating.

Formulation of the Problem

Consider a thick (M # 0) annular disc of thickness 2h defined by a <r < p,—p, s zal

arbitrary heat f(1) 18 applied on the upper sur
boundary surface (z = - h) into the surrounding 4 "

face of the disc (z = h ) and heat dissip

convection from the lower

temperature. The circular edge (r = @ and r = b ) are thermally insulated. Assume
boundary of the annular disc is free from traction. Under these prescribed conditions, the

static steady state thermal stresses are required to be determined.
The differential equation governing the displacement potential function ¢ (r, z) is given

e PO
= e gt e (1)

where K is the restraint coefficient and temperature change T =T — T; T; is initiall

temperature. Displacement function ¢ is known as Goodier’s thermoelastic di

potential.

The steady state temperature of the plate satisfies the heat conduction equation,

a’r 19T AT
Lo ATl NG R

Bﬁ r or dz2 k

with the boundary conditions

W—
3;"0 at r=a, —-h<z<h
&
dr—o atr:b, _h.SZSh_

ar
=+ h,T = f(r) atz=ha<r<p

Azm~pagrgl

where k is the thermal conductivity of (he material o

{"the plate, q is internal h
and hy, are the relative he y . :

annular disk.

The Michell’s function M must satisfy
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where,
az g a2
25 —+-—+—
v i r d 0z2

The components of the stresses are represented by the thermoel

astic displacement potential ¢
and Michell’s function M as

rr:zc{%f— Kt + ;—Z[vsz—‘;zT"j]} )
agg=2(;{ f—l{ﬁj—z[ vim -2 21 9)
_za{—— Kt + Z[@-vyvem - 24 (10)
zc;{ara +—[(1—v)v2M—";7"j} (11)

where, G and v are the shear modulus and Poisson’s ratio respectively.
The boundary conditions on the traction free surface of an annular disc are
O =0y, =0
at =t (12)
Solution of the Heat Conduction Equation

To obtain the expression for temperature T ( 7, z ), we introduce the finite Hankel transform over

the variable r and its inverse transform defined as in [6]
T(Bm,2) = f:;a 1 Ko (B, 1) T(r,2) (13)

T(r,z) = X1 Ko 7) T(Brr2) (14)

5 15
where, Ky(B,,7) = M\;N‘Q, ol

. JolB) o Yo(BmT) (16)
RO(Bmlr) R ﬂmlo'(ﬂmb) ﬂm Ygl(ﬂmb)

The normality constant

b? ? 2 il
V= 3 Ro(Bn.b)? = 5 Rolfm @)
and By, B, ..... are roots of the {ranscendental equation
18
xiﬁ%_yl(ﬂma)=0 ( ) -
~2) _ 1iGmb) ue
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here, J,, (x) is Bessel function of the first kind of order n and ¥, (x) is Begg funy;
where, /n On g

f
second kind of order n. \

On applying the finite Hankel transform defined in the Eq. (13) and its Inverse transtr

AT efy
in Eq. (14) to the Eq. (2), one obtains the expression for temperature as "y
1
% il Jo(Bm r) Bl __M)— — 3
T(r,z) = Zm=1 \/—ﬁ[m Bm Yol(ﬂmb)] (ﬁ’"2+h51 hsz)smh (ZBmh)+Bm(hsl+h

s2) osh (ZBm h)

(8o) 1 b AGB, ) - F(B) ) (B coshl B (z + W] + s, Sinh( B (2 4y
dz !

+ (9‘%"“) — h,A(B, —h)) (=P cosh[ By (z = h)] + hs, sinh[ B, (z - hy))

+ A(Bm, 2) (19)
A(B,,,z ) is particular integral of differential equation (2) and F(f,,) is the Hankel transform o¢

f(r).

.. gb Bis Jo(BmT) o Yo(BmT)
F(Bm) _frza\m[ﬂm/o'(ﬁmb) ﬂmyo'(ﬁmb)] @iy (20)

Michells function M

Now suitable form of M which satisfy Eq. (6) is given by

it o) F(Bm) lo(ﬁmr) i Yo(ﬁmr)
. VN [5m/0'(ﬂmb) ﬁmyo'(ﬁmb)]

& Pm cosh[ B, (z + h)]
*1 5 (+th sinh[ B, (z + h)] — B,,, efm (@+h) )

& Cm ﬂm (Z + h) ( _ﬁm COSh[ﬂm (Z N h)] + hsl sinh[ﬁm (Z = h)] (21)
+ 0sh(2Bnh) frefmGH) 1 h sinh(28,h) efn@h)

where, B,, and C,, are arbitrary functions,

Goodiers Thermoelastic Displacement Potential ¢

Assuming the displacement function ¢ (r, z) which s

¢(T:Z) il Z}',,—, oy Tl 1o

= . 0(Bmt)

VA (1 Fheyhy, ) sinh (25, h)+g,, (hsy +hg,) cosh (24, W] L BntoBmb) B
PG (dA (Bmh)

e + h,«;,A(ﬁm'h) g F(ﬁ"’))

atisfies Eq. (1) as

i
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P By cosh| By (2 = h)| = hy, sinh[ f. (2 = )|
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200 ;
o lNl/»‘,,, cosh| By, (2 + h)] + hy, sinh[ 3, (z + I|)||

~H.|( =P cosh| By, (z = )] + hy, sinh| By, (z = h)ll + A(fm, 2)
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; e : + to Michell function the radial Stress fyncs:
From figure | and 2, it is observed that due tc Metion %

; K
g - ickness of a thick annular disc.
inereases along radial direction with the thickness of a thic

irha > 1 a .
From figure 3 and 4, it is observed that due to Michell function the ngular stresg ﬁmcnon o

] K
. : b dice radial direction.
vary with the thickness of a thick annular disc along radial dire

g g . . ichell function the axial stress ion % .
From figure § and 6, it is observed that due to Michell functiop ?nls
mversely vary the thickness of a thick annular disc along radial direction,

: . s aops :
Erom figure 7 and 8, it is observed that due to Michell function the stress function < Vary wig,

the thickness of a thick annular disc along radial direction.

- . : e ion 2T
It means we find out that due to Michell function the radial stress function k> angular streg

function % and the stress function G—‘l:‘—vary with the thickness of a thick annular dise along

. . N S o g, . . G ¢
radial direction whereas the axial stress function f 1s inversely vary the thickness of 3 thick
annular disc along radial direction,

The results obtained here are useful in engineering problems particularly in the determination
of state of stress in a thick annular disc and base of furnace of boiler of a thermal power plant

and gas power plant and the measurement of aerodynamic heating.
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